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Top-level outline
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• Review of the False Discovery Rate (FDR)

• Review of shrunk estimates

• The connection between the FDR and shrunk estimates

• Practical illustration of combined application

• Conclusions



Detailed Outline
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• Specification of a significance test

• The multiple testing problem and the Replication Crisis

• The confusion matrix

• False-positive rate (p-value) vs. False Discovery Rate (FDR)

• The Benjamini-Hochberg FDR (BH-FDR) criterion: maximisation of statistical power

• Visualisation of the BH-FDR: individual p-value–FDR mapping 

• The FDR as a predictor

• Bayesian interpretation of the FDR

• BH-FDR as an empirical-Bayes method: multiplicity not as the problem, but as part of 

the solution

Review of the False Discovery Rate (FDR)

cont’d…/



Detailed Outline/…cont’d.
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• Variation among group means: specification of model

• Specification of shrunk estimates

• Shrunk estimates as unbiased predictors

• Shrinkage of estimates as regression towards the mean

• Shrinkage of estimates as an empirical-Bayes method: multiplicity not 

as the problem, but as part of the solution

Review of shrunk estimates

cont’d…/



Detailed Outline/…cont’d.
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• Common features of the FDR and shrunk estimates

• Specification of appropriate contexts in which to make the connection

• Application of a one-sided significance test to group means

• Bivariate distribution of observed test statistic (Zobs) vs. true group means (G): 

 the tool to connect FDR to shrinkage factor

• Parameters of the relationship: 

• overall mean (G)

• shrinkage factor 
𝜎𝐺

2

𝜎𝐺
2+𝜎𝐸

2

• null hypothesis (𝐻0: 𝐺 ≤ 𝑔𝐻0
)

• significance threshold (z)

• The bivariate distribution as a graphical representation of the confusion matrix

• Exploration of parameter-value combinations

• The FDR vs. significance threshold relationship   

The connection between the FDR and shrunk estimates

cont’d…/
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• Application to published experimental data

• Application to simulated data: assessment of performance

Practical illustration of combined application

Conclusions



Review of the 

False Discovery Rate (FDR)



Excellent reference covering this material
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The specification of a significance test
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G A quantitative effect of interest, e.g.

   mean of group under consideration – mean of all groups

H0  Null hypothesis, e.g. G  0

H1  Alternative hypothesis, e.g. G > 0.   (N.B. One-sided test.)

Z A test statistic, a function of G with known distribution at the boundary of H0, 

      e.g. Z|(G = 0) ~ N(0, 1)

z  An observed value of Z, obtained from a significance test

The p-value is then defined as

   p = P(Z  z|H0)

  A significance threshold.   A test result

   p  

  is then considered significant.

z The significance threshold of the Z statistic.   That is,

   P(Z  z|H0) = 

For simplicity, when 

calculating p-value, 

assume G = 0 whenever 

H0 is true. (For now.)



Graphical illustration of the significance threshold
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  A significance threshold.   A test result

   p  

  is considered significant.

z The significance threshold of the Z statistic.   That is,

   P(Z  z|H0) = 



  P(Z  z|H0) = 

If one test is conducted and  is low, the probability of a false-positive result is low.   

e.g. if

     = 0.05

then

   P(Z  z0.05|H0) = 0.05 .

However, consider the situation in which m0 independent tests are conducted, of 

which k give significant results. If at least one test gives a significant result, then

   k  1 .

If H0 is true in every case, the probability of at least one false-positive result is

   P 𝑘 ≥ 1|𝛼, 𝑚0, 𝐻0 = 1 − 1 − 𝛼 𝑚0

e.g. if  = 0.05, m0 = 30, then

   P 𝑘 ≥ 1|𝛼 = 0.05, 𝑚0 = 30, 𝐻0 = 1 − 1 − 0.05 30 = 0.785 .

This has caused the ‘Replication Crisis’ 

The multiple testing problem

11



• Observations of ‘high rate of nonreplication (lack of confirmation) of research 

discoveries’

• ‘…increasing concern that in modern research, false findings may be the 

majority or even the vast majority of published research claims.’

• Argument, on methological grounds, that this must indeed be the case.

Ioannidis, J.P.A. (2005) Why most published research findings are false. PLoS Medicine 19:e1004085. 

https://doi.org/10.1371/journal.pmed.0020124

• ‘The replication crisis is frequently discussed in relation to psychology and 

medicine…Data strongly indicate that other natural and social sciences are 

affected as well.’ 

https://en.wikipedia.org/wiki/Replication_crisis , accessed 29 September 2025

The replication crisis
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https://doi.org/10.1371/journal.pmed.0020124
https://en.wikipedia.org/wiki/Replication_crisis


The Bonferroni correction: an imperfect remedy
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If H0 is true in every case, the probability of at least one false-positive result is

   P 𝑘 ≥ 1|𝛼, 𝑚0, 𝐻0 = 1 − 1 − 𝛼 𝑚0

If m0 is large and  is small, 

    1 − 1 − 𝛼 𝑚0 ≈ 𝑚0𝛼

 Replace threshold  with 
𝛼

𝑚0
      (Bonferroni, 1936) .

Then

   1 − 1 −
𝛼

𝑚0

𝑚0
≈ 𝑚0

𝛼

𝑚0
= 𝛼 .

Threshold is now very stringent. e.g. if  = 0.05, m0 = 30, then

 
𝛼

𝑚0
=

0.05

30
= 0.00167 .

 Severe loss of statistical power.



The confusion matrix: definitions of values
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True 

hypothesis

Conclusion from test

H0 H1

H0 True negative False positive

(Type I error)

H1 False 

negative

(Type II error)

True positive



Expected values of rates:

False-positive rate = 
𝑚0𝛼

𝑚0𝛼+𝑚0 1−𝛼
= 𝛼

False discovery rate (FDR) = 
𝑚0𝛼

𝑚0𝛼+𝑚1∙P 𝑍≥𝑧𝛼|𝐻1
=

𝑚0𝛼

𝑘

when each significant test result is announced as a ‘discovery’.

N.B. H1 covers a range of values of Z.   

Therefore there is no single value of P(Z  z|H1)

 

Definition of false-positive and false-discovery rates
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True hypothesis Conclusion from test

H0 H1

H0
True negative False positive

(Type I error)

H1
False negative
(Type II error)

True positive

Specify:

  m0 = No. of tests for which H0 is true

  m1 = No. of tests for which H1 is true

  m = m0 + m1

True 
hypothesis

Conclusion from test

H0 H1

H0
m0(1 - ) m0 m0

H1
m1P(Z < z|H1) m1P(Z  z|H1) m1

m – k k m

Confusion matrix: value definitions Confusion matrix: expected counts
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p-value  = __________

or FDR     +

p-value = P(P  p|H0)

Relationship between p-value and FDR
True hypothesis Conclusion from test

H0 H1

H0
False 
pos.

H1 True positive

True hypothesis Conclusion from test

H0 H1

H0 True 
negative

False 
pos.

H1

Consider p as an observation 

of a random variable P

FDR = P(H0|P  p)



Estimation of the FDR from multiple-testing data
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True 
hypothesis

Conclusion from test

H0 H1

H0 m0(1 - ) m0 m0

H1 m1P(Z < z|H1) m1P(Z  z|H1) m1

m – k k m

FDR = 
𝑚0𝛼

𝑚0𝛼+𝑚1∙P 𝑍≥𝑧𝛼|𝐻1
=

𝑚0𝛼

𝑘
 

Confusion matrix expected counts

m0 is unknown.

But 

  m0  m

Hence

   FDR 
𝑚𝛼

𝑘
=

𝛼

Τ𝑘 𝑚
.

An upper boundary, obtainable 

from empirical data

FDR 
𝛼

Τ𝑘 𝑚
=

significance threshold

ΤNo.of significant test results total No.of tests

Following method is 

conditional on the independence 

of the m0 tests



Control of the FDR: 
the Benjamini-Hochberg step-down criterion (BH-FDR)
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  FDR 
𝛼

Τ𝑘 𝑚
  (1)

BH-FDR identifies largest set of 
‘discoveries’ possible while 
controlling FDR.

 BH-FDR maximises statistical 
power. 

Consider results from a multiple-testing scenario, 

  pi , i = 1…m .

Rank the p-values in ascending order,

  p(1)  p(2)  …  p(m) .

Specify a value q* at which the FDR is to be controlled, 0  q*  1.

Find the largest value k for which

  
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗ .  (2)

Do this by a step-down process, evaluating 
𝑝 𝑘

Τ𝑘 𝑚
 for k = m, k = m – 1, etc., 

until the condition is satisfied.

Specify the significance threshold 

   = p(k)   (3)

Then combining (1), (2) and (3),

   FDR 
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗

and the FDR is controlled at rate

  BH-FDR = q* (Benjamini and Hochberg, 1995) 



Find the largest value k for which

  
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗ .  (2)  

Do this by a step-down process, evaluating 
𝑝 𝑘

Τ𝑘 𝑚
 for k = m, k = m – 1, etc.

• If positive correlations are present between the tests for which H0 is true,

effective number of tests < m .

• Value of k required to satisfy Inequality (2) tends to be reduced

•  p(k) delivered by step-down process becomes more stringent

•  fewer test results are announced as ‘discoveries’

•  the BH-FDR is conservative 

o (like the Bonferroni correction). 

Control of the FDR: 
consequence of correlations between tests

19



Illustration of the BH-FDR on a quantile-quantile (Q-Q) plot
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Points below the line with slope q* 

represent tests for which 

 
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗ . 

Points to the left of the line AB indicates 

the number of significant results 

expected if H0 is true for all tests.

Points between AB and k/m indicate the 

additional number of additional 
significant results obtained



q(i) = smallest value of q* that causes p(i) to be significant (Storey, 2003).

Relationship between p(i) and q(i) is not strictly monotonic.
i.e. FDR is a feature of a set of tests.

-log10 transformation and colour-coding of the Q-Q plot

21

H1 true for some tests,

tests uncorrelated

H1 true for some tests,

tests positively correlated

H0 true for all tests,

tests positively correlated

See backup slides



FDR 
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗

If each of the k hypotheses that have given significant test 
results is thoroughly evaluated, the proportion that turn out to 
have been false positives will be no greater than q*, on average. 

The BH-FDR makes a prediction

22

A p-value does not intrinsically make a prediction.



Bayesian interpretation of the FDR
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Bayes theorem:

• Assertion H: H0 is true

• Assertion D: P  p(k) .   

Consider p-value as an observation of a random variable P

P 𝐻|𝐷 =
P 𝐷|𝐻 ∙ P 𝐻

P 𝐷|𝐻 ∙ P 𝐻 + P 𝐷|𝐻′ ∙ P 𝐻′ =
P 𝐷|𝐻 ∙ P 𝐻

P 𝐷

Apply Bayes theorem to the assertions:

P 𝐻0 ቚ𝑃 ≤ 𝑝 𝑘 =
P 𝑃 ≤ 𝑝 𝑘 ห𝐻0 ∙ P 𝐻0

P 𝑃 ≤ 𝑝 𝑘

Hence

But P 𝑃 ≤ 𝑝 𝑘 ห𝐻0 = 𝑝 𝑘 ,       P 𝑃 ≤ 𝑝 𝑘 = 𝑘/𝑚     and P 𝐻0 ≤ 1

P 𝐻0 ቚ𝑃 ≤ 𝑝 𝑘 ≤
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗ =BH-FDR

H’ = Not H 

See backup slides



P 𝑃 ≤ 𝑝 𝑘 = 𝑘/𝑚

The BH-FDR is an empirical-Bayes approach to obtaining P(D).

The set of k significant test results becomes the context for interpreting 

each individual test result.

Multiplicity ceases to be the problem: it becomes part of the solution.

BH-FDR as an empirical-Bayes method
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Bayes theorem:

P 𝐻|𝐷 =
P 𝐷|𝐻 ∙ P 𝐻

P 𝐷

Bayesian formulation of FDR:

P 𝐻0 ቚ𝑃 ≤ 𝑝 𝑘 =
P 𝑃 ≤ 𝑝 𝑘 ห𝐻0 ∙ P 𝐻0

P 𝑃 ≤ 𝑝 𝑘

Key obstacle to application of Bayesian methods is determination of the prior probability P(H), and hence P(D). 

Use only ranks of p-values.

Consider tests as an 

exchangeable set.



Review of shrunk estimates



The model:

Y =  + G + E

where

Y = observable response variable

Y is recorded in each of r units in each of m groups

 = overall mean

G = group effect

E = residual effect on unit within each group

𝐺~N 0, 𝜎𝐺  

𝐸~N 0, 𝜎𝐸  

Variation among group means: specification of model
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ത𝑌𝑖 = mean of observations on r units in Group i

Hence

ത𝑌𝑖~N 𝜇 + 𝑔𝑖 ,
𝜎𝐸

𝑟
 

where

gi = realisation of G in Group i



Group effects, group means: 
specification of unshrunk and shrunk estimates
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Y =  + G + E

𝐺~N 0, 𝜎𝐺  

𝐸~N 0, 𝜎𝐸  

ത𝑌𝑖~N 𝜇 + 𝑔𝑖 ,
𝜎𝐸

𝑟
 

where

gi = realisation of G in Group i

ത𝑦𝑖, unshrunk = observation of ത𝑌𝑖 ,

                     unshrunk estimate of μ + gi

Ƹ𝜇 = overall mean of observations on r units

       in each of m groups

ො𝑔𝑖, unshrunk = ത𝑦𝑖, unshrunk  − Ƹ𝜇 ,

                  unshrunk estimate of gi

Shrinkage factor = 
𝜎𝐺

2

𝜎𝐺
2+

𝜎𝐸
2

𝑟

ො𝑔𝑖, shrunk =
𝜎𝐺

2

𝜎𝐺
2+

𝜎𝐸
2

𝑟

∙ ො𝑔𝑖, unshrunk

ത𝑦𝑖, shrunk = Ƹ𝜇 +
𝜎𝐺

2

𝜎𝐺
2 +

𝜎𝐸
2

𝑟

∙ ො𝑔𝑖, unshrunk

         = Ƹ𝜇 +
𝜎𝐺

2

𝜎𝐺
2+

𝜎𝐸
2

𝑟

∙ ത𝑦𝑖, unshrunk  − Ƹ𝜇



0

ො𝑔𝑖, shrunk =
𝜎𝐺

2

𝜎𝐺
2 +

𝜎𝐸
2

𝑟

∙ ො𝑔𝑖, unshrunk

ො𝑔𝑖, unshrunk =
ത𝑦𝑖, unshrunk  − ො𝜇 

ത𝑦𝑖, unshrunk ത𝑦𝑖, shrunk =

Ƹ𝜇 +
𝜎𝐺

2

𝜎𝐺
2 +

𝜎𝐸
2

𝑟

∙ ത𝑦𝑖, unshrunk  − Ƹ𝜇

Ƹ𝜇

Group effects, group means: 
visualisation of unshrunk and shrunk estimates

28

Best Linear Unbiased 

Estimate

(BLUE)

Best Linear Unbiased 

Predictor 

(BLUP)

Unshrunk 

mean

Shrunk 

mean



ഥ𝑦𝑖 is a predictor of 𝑦𝑖,new ;
shrinkage and regression towards the mean are equivalent

29

length(DE) = length(EF)

 shrunk mean is an unbiased 
predictor of future observations

N.B. Unbiased, conditional on 
information from all groups observed

( ො𝜇, ෢𝜎𝐺
2, ෢𝜎𝐸

2)
See backup slides



Use all ത𝑦𝑖, unshrunk , i = 1…m,

to estimate μ and 𝜎𝐺 .

Shrunk estimates are an empirical-

Bayes approach to obtaining 

unbiased predictions of group means.

The set of m group means becomes 

the prior context for interpreting each 

individual mean.

Multiplicity ceases to be the 

problem: it becomes part of the 
solution.

Shrinkage of estimates as an empirical-Bayes method

30

Prior distribution of μ + gi :

𝜇 + 𝑔𝑖~N 𝜇, 𝜎𝐺 ത𝑌𝑖~N 𝜇 + 𝑔𝑖 ,
𝜎𝐸

𝑟

Posterior distribution of μ + gi :

Define weights, 𝑤prior =
1

𝜎𝐺
2, 𝑤est =

1

Τ𝜎𝐸
2 𝑟

Then 𝜇 + 𝑔𝑖~N
𝑤prior∙𝜇+𝑤est∙ ത𝑌𝑖

𝑤prior+𝑤est
,

1

𝑤prior+𝑤est

Rearranging the mean of this distribution,

𝑤prior𝜇+𝑤est ത𝑌𝑖

𝑤prior+𝑤est
 = Ƹ𝜇 +

𝜎𝐺
2

𝜎𝐺
2+

𝜎𝐸
2

𝑟

∙ ത𝑦𝑖, unshrunk  − Ƹ𝜇 = ത𝑦𝑖, shrunk

Distribution of 

unshrunk estimate of μ + gi :

≤
𝜎𝐸

𝑟



The connection between 

the FDR and shrunk 

estimates



• Address the Reproducibility Crisis

• Multiplicity ceases to be the problem: becomes part of the solution

• Ask, ‘If we take away what could have happened by chance, what 

proportion are we left with?’

• Provide predictions/expectations
- …whereas a p-value does not make a prediction

• Can be understood on an empirical-Bayesian basis

• The m tests or estimates provide the empirical prior distribution

FDR and shrunk estimates: common features

32
See backup slides



Re-parameterise shrunk estimates model
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The original model:

Yorig = orig + Gorig + Eorig

𝐺orig~N 0, 𝜎𝐺orig
 

𝐸orig~N 0, 𝜎𝐸orig
 

Re-parameterised model:

Zobs = G + E

𝐺~N 𝜇𝐺 , 𝜎𝐺  

𝐸~N 0,1  

Hence

𝐺 =
𝐺orig+𝜇orig

Τ𝜎𝐸orig
𝑟

 , 𝐸 =
𝐸orig

Τ𝜎𝐸orig
𝑟
 

and Zobs is on the scale of the test 

statistic Z .

Shrinkage factor = 
𝜎𝐺

2

𝜎𝐺
2+1 See backup slides



Application of a significance test to group means
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Re-parameterised model:

Zobs = G + E

𝐺~N 𝜇𝐺 , 𝜎𝐺 , 𝐸~N 0,1  

effect 

significant

non-sig.

wrong

direction

An example:

μG = 0, G = 1, shrinkage factor =
1

12+1
=

1

2

H0: G  0

H1: G > 0

N.B. 1-sided test

 = 0.20   z = 0.842

N.B. unrealistic, for illustration



Connection of shrinkage factor to components of Zobs
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μG = 0, G = 1, 𝐸~N 0,1

shrinkage factor = 
1

2



Connection of FDR to shrinkage factor

36

μG = 0 

G = 1 

shrinkage factor = 
1

2

H0: G  0

H1: G > 0

 = 0.20   z = 0.842



The Zobs vs. G bivariate distribution:
the confusion matrix in graphical form
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Conclusion 
from test

True hypothesis

H0 H1

H1 False positive
(Type I error)

True positive

H0 True negative False negative
(Type II error)

• matrix is rotated

• rows are permuted



Explore a range of shrinkage factors
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G = 0.5, shrinkage factor = 0.2

G = 2, shrinkage factor = 0.8

See backup slides
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Plot cumulative 
functions

Relationship between FDR and significance threshold

LFDR = ‘local FDR’, 
conditional on Z = z .

conservative NFDR .
Set m0/m = 1, H0: 𝐺 = 𝑔𝐻0

 .

NFDR = ‘non-local FDR’, 
over the range Z  z .
(Bickel, 2020)

m0/m is known. H0: 𝐺  𝑔𝐻0

BH-FDR is an empirical implementation of 
the conservative NFDR
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Plot cumulative 
functions

Rotate and flip to plot Z on horizontal axis Extend to other values of shrinkage factor

FDR vs. sig. threshold: dependence on shrinkage factor

NFDR = ‘non-local FDR’, 
over the range Z  z .
m0/m is known. H0: 𝐺  𝑔𝐻0

conservative NFDR .
Set m0/m = 1 , H0: 𝐺 = 𝑔𝐻0

 .

See backup slides



Combined application of 

FDR and shrunk estimates:

practical illustration
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Application to published experimental data

Previous example This example

m groups of r sampling units single small set of sampling units

single response variable m response variables 

See backup slides



A publication reporting gene expression results
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Deng J-T, Wang X-L, Chen Y-X, O’Brien ER, Gui Y, Walsh MP (2015) The Effects of 

Knockdown of Rho-Associated Kinase 1 and Zipper-Interacting Protein Kinase on 

Gene Expression and Function in Cultured Human Arterial Smooth Muscle Cells. 

PLoS ONE 10(2): e0116969. doi:10.1371/journal.pone.0116969

Data Availability Statement: The raw data sets for array comparisons have been 

deposited in the Gene Expression Omnibus website: www.ncbi.nlm.nih.gov/geo/  

(accession number: GSE56819).

http://www.ncbi.nlm.nih.gov/geo/
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ID adj.P.Val P.Value t B logFC Gene.symbol Gene.title
8027448 0.000553 1.66E-08 -3.48E+01 7.76898 -2.67 DPY19L3 dpy-19 like 3 (C. elegans)
8085033 0.00068 4.08E-08 -3.02E+01 7.466 -2.94 LMLN leishmanolysin like peptidase
8022441 0.000882 7.95E-08 2.72E+01 7.20076 3.54 ROCK1 Rho associated coiled-coil containing protein kinase 1

Sample Treatment Title
GSM1369856 Control siRNA 1
GSM1369857 Control siRNA 2
GSM1369858 Control siRNA 3
GSM1369859 ROCK1 siRNA 1
GSM1369860 ROCK1 siRNA 2
GSM1369861 ROCK1 siRNA 3
GSM1369862 ZIPK siRNA 1
GSM1369863 ZIPK siRNA 2
GSM1369864 ZIPK siRNA 3

GSM1369856 GSM1369857 GSM13698649 samples

…

#ID_REF = 
#VALUE = RMA signal
ID_REF VALUE

7892501 6.65136
7892502 4.722325
7892503 3.762711
7892504 9.089062
7892505 3.735544

#ID_REF = 
#VALUE = RMA signal
ID_REF VALUE

7892501 7.545518
7892502 4.32842
7892503 4.168302
7892504 9.103029
7892505 4.599297

#ID_REF = 
#VALUE = RMA signal
ID_REF VALUE

7892501 5.080564
7892502 3.893911
7892503 4.329082
7892504 9.094555
7892505 4.345451

33,297 rows

33,297 rows

Sample specifications

Probeset specifications

Expression values

N.B. Probeset IDs are not collated

ID_REF GSM1369856 GSM1369857 GSM1369858 GSM1369859 GSM1369860 GSM1369861 GSM1369862 GSM1369863 GSM1369864
Control Control Control ROCK1 ROCK1 ROCK1 ZIPK ZIPK ZIPK

7892501 7.545518 5.080564 6.675656 6.233815 7.140542 6.609992 6.174588 6.321959 6.65136
7892502 4.32842 3.893911 4.077985 4.617835 4.629821 4.277309 5.117608 4.241955 4.722325
7892503 4.168302 4.329082 4.180284 4.179679 3.866266 3.937363 4.059075 3.995274 3.762711
7892504 9.103029 9.094555 9.264637 8.849144 9.211445 8.83327 8.898712 9.165777 9.089062
7892505 4.599297 4.345451 3.511323 3.0886 4.118563 4.001799 4.393135 3.600587 3.735544

33,297 rows
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For further details of data extraction 
and collation, see backup slides



47

Analysis of a representative probeset

Control ROCK1 ZIPK

Probeset GSM1369856 GSM1369857 GSM1369858 GSM1369859 GSM1369860 GSM1369861 GSM1369862 GSM1369863 GSM1369864

7984779 9.450409 9.348948 9.393126 9.775353 9.603642 9.920068 9.146811 9.627286 9.3111

Expression values

Source of variation DF MS F p
Treatments 2 0.1505 5.1718 0.0495
Residuals 6 0.0291

Anova

Treatments Mean SE
Control 9.3975 0.0985
ROCK1 9.7664 0.0985
ZIPK 9.3617 0.0985
Grand mean 9.5085

Means

Contrast Estimate SE DF t p (two-sided)
ROCK1.v.control 0.3689 0.1393 6 2.648 0.0381
ZIPK.v.control -0.0358 0.1393 6 -0.260 0.8060
ROCK1.v.ZIPK 0.4046 0.1393 6 2.905 0.0272

Contrasts

r = 3 

SEmean =
෢𝜎𝐸

2

𝑟
=

MSResid

𝑟
=

0.0291

3
= 0.0985

SEcont =
2෢𝜎𝐸

2

𝑟
=

2 × MSResid

𝑟
=

2 × 0.0291

3
= 0.1393

ROCK1 vs. ZIPK.  = true difference. One-sided tests.

𝑡 =
0.4046

0.1393
= 2.905 H0:   0; H1:  > 0. p = 0.01358

H0:   0; H1:  < 0. p = 0.98642

ID Gene.symbol Gene.title
7984779 PML promyelocytic leukemia

Probeset specification

DF = 6
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Analysis of every 100th probeset: 2-sided test
m = 332 representative probesets 

cont’d…/
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Analysis of every 100th probeset:
two 1-sided tests

cont’d…/

2-sided

Upper tail

Lower tail

Two 1-sided

Obtain effect 
estimates (unshrunk 
and shrunk) from 
each set of 1-sided 
tests.
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Application of shrinkage to 
multiple tests of a contrast

For 1-sided upper-tail test of ith hypothesis,

where
     pi = observed p-value
     zi = value of Zobs 
for ith test.

Obtain zi by back-transformation from pi .

If H0 is true for all tests,

𝑍obs~N 0,1  .

whence the appropriate shrinkage factor is

S. F. =
ෞvar 𝑍obs − 1

ෞvar 𝑍obs

where                is obtained over all zi , i = 1…m .

Apply  S.F. to each zi, then multiply by SEcont, i 
to back-transform from the scale of Z to the 
scale of the effect estimate:

ෞvar 𝑍obs

Estshrunk,𝑖 =  S. F. ×  𝑧𝑖 × SEcont,𝑖

Assume E(Z) = 0 
whenever H0 is true

𝑍|𝐻0~N 0,1

𝑝𝑖 = P 𝑍ห𝐻0 > 𝑧𝑖

??
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Analysis of every 100th probeset:
two 1-sided tests and shrunk estimate

cont’d…/

rshrunk. unshrunk = 0.962

Upper tail

Lower tail
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Analysis of every 100th probeset/…cont’d.
Two 1-sided tests

Upper tail

Lower tail
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• Shrunk estimate achieves reduced MSE (when      is small) 

by ‘borrowing’ information between tests.

• But this assumes that      is the same for all tests 

(no heteroskedasticity). 

• Methods taking account of heteroskedasticity have been 

developed, e.g. function voom() in R package ”limma” 

(Law et al., 2014). 

• The approach presented here can be applied to effect 

estimates and p-values obtained from such methods.

𝜎𝐺
2

𝜎𝐸
2

Application to simulated data

See backup slides



Conclusions



Conclusions
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• You have to live with the culture of a discipline.

• A research community may be committed to significance tests when 

shrunk estimates would be more appropriate.

• A move from Bonferroni-corrected p-values to BH-FDR values will then 

bring them closer to an optimum interpretation of their data…

• …while keeping them in a hypothesis-testing framework.

• But why not present shrunk estimates too?

• Shrunk estimates and the FDR have shared merits:
• they address the Replication Crisis

• multiplicity becomes part of the solution

• they make predictions

• they have an empirical-Bayesian interpretation.
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Correlation between tests;
-log10 transformation and colour-coding 

of the Q-Q plot



An example of correlation between tests

62

m tests comprise a smaller number of independent groups. Tests within each group are equivalent.

H1 true for some tests,

tests positively correlated

 Few very small and very large values of P(i)



q(i) = smallest value of q* that causes p(i) to be significant.

Relationship between p(i) and q(i) is not strictly monotonic.
i.e. FDR is a feature of a set of tests.

-log10 transformation and colour-coding of the Q-Q plot
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H1 true for some tests,

tests uncorrelated

H1 true for some tests,

tests positively correlated

H1 true for some tests, 

but weak effects and 

slight positive correlation

Additional set of conditions
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Consequence of correlations 
between tests:

Bayesian interpretation



BH criterion for control of FDR at level q* :

  
𝑝 𝑘

Τ𝑘 𝑚
≤ 𝑞∗  (1)

Unpackage p(k) :

   P 𝑃 ≤ 𝑝 𝑘 ห𝐻0 = 𝑝 𝑘

This is true for all m0 tests for which H0 is true only if these tests are mutually independent.

If, for these tests, variables P are positively correlated, then (when p(k) < 0.5)

   P 𝑃 ≤ 𝑝 𝑘 ห𝐻0 ≤ 𝑝 𝑘

and q* is conservative: Inequality (1) controls the FDR at a more stringent level.

Alternatively, set significance threshold at a level  independent of the data…

Consequence of correlations between tests:
Bayesian interpretation

65
cont’d…/



Consequence of correlations between tests:
Bayesian interpretation/…cont’d.
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Alternatively, set significance threshold at a level  independent of the data

  
𝛼

Τ𝑘 𝑚
= 𝑞  (1)

Unpackage  :

   P 𝑃 ≤ ห𝐻0 = 

This is true for all m0 tests for which H0 is true even if these tests are not mutually 

independent.

 q is neither conservative nor anti-conservative: Equation (1) controls the FDR at this 

level…

…but statistical power is not maximised.
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Shrinkage and 
regression towards the mean: 

the relationship



ഥ𝑦𝑖  is a predictor of 𝑦𝑖,new

68

summarise

Random pairs of 

observations
Probability density 

contours

𝑌new~N 𝜇, 𝜎𝐺
2 + 𝜎𝐸

2

ത𝑌~N 𝜇, 𝜎𝐺
2 +

𝜎𝐸
2

𝑟

cov ത𝑌, 𝑌new = 𝜎𝐺
2



Means from larger samples need less shrinkage

69

Shrinkage factor is 
monotonically positively 
related to r.

As r → ,      
𝜎𝐺

2

𝜎𝐺
2+

𝜎𝐸
2

𝑟

→ 1

and there is no shrinkage. 



FDR and shrunk estimates: 
unpackaging the common features

70



FDR and shrunk estimates: 
unpackaging the common features

• FDR: defends against false positives while conserving 

statistical power

• Shrunk estimate: defends against over-optimistic effect-size 

estimation. (Concept of ‘power’ is irrelevant.)

71

Both address the Replication Crisis

cont’d…/



• Both have an empirical-Bayes interpretation. (See Efron, 2010.)

For the distribution to which ‘What proportion…?’ relates,

- FDR uses the k significant test results

- shrinkage uses the m group means.

• For ‘What could have happened by chance?’:

- FDR uses a boundary value

- shrinkage uses an unbiased estimate.

• Dependence on a boundary value is the price the FDR pays for 

dichotomising

FDR  = __________

          +

72

FDR and shrunk estimates: 
unpackaging the common features/…cont’d.

Both ask, ‘What proportion could have happened by chance?’
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• Prediction of E(future observation|current results) …

• FDR:

 Prediction of future results among the set of k 

hypotheses announced as discoveries.

   FDR  q*

• Shrunk estimate:

 Prediction of mean of new observation from Group i .

   E 𝑌𝑖,new| ത𝑦𝑖, shrunk = ത𝑦𝑖, shrunk 

FDR and shrunk estimates: 
unpackaging the common features/…cont’d.

Both provide predictions/expectations

cont’d…/
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FDR and shrunk estimates:
formal connection



FDR and shrunk estimates: 
contexts for formal connection

75

• Connection is illustrated in the context of group means

• Asymptotic normal-distribution model is used

• Unshrunk estimates are best linear unbiased estimates (BLUEs)

• Shrunk estimates are best linear unbiased predictors (BLUPs)

• Connection can probably be extended to shrunk estimates in other 

contexts, including regression models with

- many explanatory variables (model parameters), one 

response (e.g. ridge regression)

- simple predictive model (few parameters), many response 

variables

• Connection can probably not be extended to contexts where some 

estimates are shrunk to zero for parsimony, e.g. LASSO regression



Explore case where G  0

76

G = 2

G = 0
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G = 2, 𝑔𝐻0
= 1

G = 2, 𝑔𝐻0
= 0

Explore case where 𝑔𝐻0
≠ 0



N.B. max() = 0.20
78

Relationship between FDR and significance threshold,
extended over range of 𝑔𝐻0

Threshold expressed as z
𝑔𝐻0

= −1 𝑔𝐻0
= 0 𝑔𝐻0

= +1

Threshold expressed as 
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Relationship between FDR and ,
𝑔𝐻0

= 0, 0    1  

• S.F. small: stringent  

required to achieve low 

NFDR

• SF large: lenient  is 

sufficient

• Crossovers at low : 

counterintuitive?
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Practical considerations



The dichotomisation of the significance test exacts a price

• Not all the information in the bivariate 

distribution Zobs vs. G is used. 

• The excess of ‘discoveries’ over those 

expected by chance could be due to: 

- few large effects, of which we detect 

nearly all, or

- many small effects, of which we detect 

only a few.

cont’d…/ 81

 = 0.2



The dichotomisation of the significance test exacts a price/…cont’d.

• Not all the information in the bivariate 

distribution Zobs vs. G is used. 

• The probability mass      is less than 

P(Z  z|G = gH0) = , because 

- H0 is not true for all m tests

- for the m0 tests for which H0 is true, the 

one-sided test specifies G  gH0 , 

not G = gH0 .   Hence P(Z  z|H0)   .

Conservative NFDR = 
𝛼

Τ𝑘 𝑚



FDR or shrunk estimates: 
which approach should be preferred?

83

• Hence 
𝛼

Τ𝑘
𝑚

 is a nearly-unbiased estimate of FDR when m1 is small 

BH-FDR model:

E(FDR) = 
𝑚0𝛼

𝑚0𝛼+𝑚1∙P 𝑍≥𝑧𝛼|𝐻1
=

𝑚0𝛼

𝑘
=

Τ𝑚0
𝑚𝛼

Τ𝑘
𝑚

≤
𝛼

Τ𝑘
𝑚

As Τ𝑚1
𝑚 → 0, Τ𝑚0

𝑚 → 1 and E(FDR) → 
𝛼

Τ𝑘
𝑚

Shrunk estimates model:

Y =  + G + E , 𝐺~N 𝜇, 𝜎𝐺  , 𝐸~N 0, 𝜎𝐸

One-sided test. 𝐻0: 𝐺 ≤  𝑔𝐻0
 may be arbitrary and unhelpful.

Two-sided test. 𝐻0: 𝐺 = 0 is (almost) never true.

                          With this H0 , Τ𝑚1
𝑚 → 1 .

• Hence presentation of shrunk estimates may be more appropriate



FDR or shrunk estimates: 
what happens in practice?

84

Discipline Distribution 

of real effects
ൗ𝒎𝟏

𝒎 Method

Current Appropriate

genetics rare ~0 Bonferroni-type 

corrected p-values

BH-FDR

gene 

expression

small effects 

ubiquitous

~1 BH-FDR shrunk 

estimates

Cule et al. (2011) Significance testing in ridge regression for genetic data. 
BMC Bioinformatics 12:372. doi:10.1186/1471-2105-12-372

Q. (Lead author) But why are we performing significance tests on 

ridge-regression parameter shrunk estimates?

A. (Supervisor) Because geneticists like p-values.

But why not present FDR 

and shrunk estimates?
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Steps for extraction and collation 
of gene-expression data 



86



87

Scroll down through DataSet rows, to Title that 
corresponds to that of Deng et al. (2015).   

Select this row to display DataSet Record GDS5948, 
including the citation of Deng et al.

Then click on Series 56819.
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Copy and paste ‘Samples’ table to a text file, then 
convert it to an Excel spreadsheet.   

Then click on the code for the first sample.
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Click on ‘View full table…’
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Copy and paste full 
table for Sample 
GSM1369856 to a text 
file.

Repeat previous steps 
for other samples.
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Click on ‘Analyse with GEO2R’.   

N.B. We do not really want the results of this analysis.   
It is just a technique to obtain a table mapping ID_REF 
values to Gene.symbol and Gene.title values.
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Select accessions in control group.   To select, point-and-click 
for first accession.  Control + point-and-click for subsequent 
accessions

Enter group name in ‘Define groups’ field.   Press Enter.
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Click on box for defined group.  

Selected accessions are now assigned to group.



95Repeat preceding steps to create a second group.



96Click on ‘Analyse’.



97Click on ‘Download full table’.
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Save downloaded full table, which maps ID_REF values 
to Gene.symbol and Gene.title values, to a .tsv file.
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Open the .tsv file in Excel.   
Accept default data conversions.



100Save table in an Excel workbook.
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Application to simulated data



Model:

Control-treatment exp’tal units: Y = 0 + E

Active-treatment exp’tal units:   Y = G + E

Simulation of gene expression data

102

𝜎𝐺
2 = 0.25, 0.5, 1, 2, 4

𝜎𝐸
2 = 1

m = 100 

r = 3           

Number of simulations = 100

𝐺~N 0, 𝜎𝐺
2

𝐸~N 0, 𝜎𝐸
2

Data:

y0ij = 0 + e0ij

y1ij = gi + e1ij

i = 1…m

j = 1…r

Realisations gi , e0ij
 , e1ij are 

mutually independent 

Two treatments (Control, Active); m response variables, i = 1…m;

2r observations (y0ij , y1ij) of each response variable

G = treatment effect



Analysis of simulated gene expression data

103

Two treatments (Control, Active); m response variables, i = 1…m;

2r observations (y0ij , y1ij) of each response variable

m = 100 

r = 3           

Two-sample, one-sided t test, 

performed separately on each response variable

Hypotheses:

H0: G  0

H1: G > 0 

DFResid = 2  (r – 1) = 4



Results from Simulation 1
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𝜎𝐺
2 = 0.25

𝜎𝐺
2 = 4

-log10-transformed Q-Q plotHistogram of p-values Shrunk v. 

unshrunk estimate

Unshrunk estimate v. 

true effect

Shrunk estimate v. 

true effect



Assessment of performance of shrunk estimates
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Quantile 

probability

runshrunk,shrunk runshrunk,true rshrunk,true MSEunshrunk,true MSEshrunk,true

0.25 Min. 0.980 0.332 0.310 0.446 0.108

0.25 0.989 0.483 0.476 0.610 0.169

0.5 0.992 0.521 0.512 0.670 0.186

0.75 0.994 0.565 0.562 0.715 0.209

Max. 0.998 0.717 0.706 0.913 0.255

1 Min. 0.962 0.640 0.650 0.490 0.338

0.25 0.982 0.748 0.736 0.600 0.434

0.5 0.986 0.767 0.757 0.682 0.470

0.75 0.990 0.795 0.782 0.742 0.519

Max. 0.995 0.858 0.859 0.921 0.655

4 Min. 0.949 0.886 0.860 0.511 0.854

0.25 0.966 0.917 0.884 0.623 1.171

0.5 0.971 0.923 0.894 0.669 1.254

0.75 0.976 0.931 0.908 0.725 1.384

Max. 0.984 0.951 0.927 0.835 1.765

𝝈𝑮
𝟐

where

   gi = realisation  

          of G in test i

• When     is small, shrinkage reduces MSE

• When     is large, shrinkage increases MSE 

𝝈𝑮
𝟐

𝝈𝑮
𝟐

• Bias-variance 

trade-off?

MSE = ෍

𝑖=1

𝑚
ෝ𝑔𝑖 − 𝑔𝑖

2

𝑚

cont’d…/
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Assessment of performance of shrunk estimates/…cont’d.

cont’d…/
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Assessment of performance of shrunk estimates/…cont’d.

cont’d…/

Quantile 

probability

restimate,bias

Unshrunk est. Shrunk est.

0.25 Min. 0.757 -0.508

0.25 0.833 -0.181

0.5 0.856 -0.067

0.75 0.872 0.066

Max. 0.916 0.417

1 Min. 0.448 -0.570

0.25 0.594 -0.386

0.5 0.638 -0.308

0.75 0.664 -0.238

Max. 0.734 -0.098

4 Min. 0.165 -0.731

0.25 0.305 -0.661

0.5 0.370 -0.633

0.75 0.420 -0.593

Max. 0.597 -0.510

bias =
    estimate – true effect

Estimate may be either 
unshrunk or shrunk

𝝈𝑮
𝟐
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Assessment of performance of shrunk estimates/…cont’d.

• Shrinkage on the 

basis of 

over-compensates 

for bias…

• …especially when

       is large…

S. F. =
ෞvar 𝑍obs − 1

ෞvar 𝑍obs

𝝈𝑮
𝟐

cont’d…/
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Assessment of performance of shrunk estimates/…cont’d.

• …but overcompensation of shrinkage does 

not matter much when      is large.

𝝈𝑮
𝟐

𝝈𝑮
𝟐
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